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We report a comparative study of the scattering rates using different formalisms such as Allen[17],
Shulga et al.[18], Mitrovic´ et al.[22], Sharapov et al[24] and memory function formalism[26]. We
discuss the frequency and the temperature dependent scattering rates for the case of electron-phonon
interactions in these formalisms. The analysis has been done for different forms of phonon density of
states (PDOS) and electron density of states (EDOS). An advantage of our study is that it shed light
on the physical assumptions used in these formalisms. From this detailed comparison, we observe
that the memory function formalism is the most general one. All other formalisms are based on
restrictive assumptions as discussed in this work.
I. INTRODUCTION
The study of the transport properties of strongly and
weakly interacting systems such as metals, graphene,
cuprates, etc. has attracted strong interest both in
the theoretical and the experimental communities[1–7].
The behavior of these properties depend on the play of
various interactions such as electron-impurity, electron-
phonon, electron-electron interactions. Experimentally,
these have been studied by several researchers using dif-
ferent probes such as dc resistivity, ac conductivity, mag-
netoresistance measurements, etc[8–13]. To understand
these properties theoretically, several theories such as
Drude, Boltzmann, etc[1, 10, 14, 15] have been presented.
Though these theories have explained several experimen-
tal facts with great success. However, as discussed in sub-
sequent paragraphs, some of the properties are not ad-
dressed, thus questioning the basic assumptions on which
these theories are based.
Drude’s theory is the very first attempt to understand
the mechanism of electrical conduction in metals. It
successfully gives the expressions of electrical and ther-
mal conductivities of metals and explains that the ra-
tio of the electrical and thermal conductivity is directly
proportional to the first power of temperature i.e. the
Wiedemann-Franz law[16]. But it fails to explain the
temperature dependent behavior of electrical conductiv-
ity and thermal conductivity. Later, Bloch reformulates
the Boltzmann theory where the electron-phonon interac-
tions are considered and explains the temperature depen-
dent behavior of the conductivity. The commonly used
assumption in the solution of Bloch-Boltzmann equation
is the relaxation time approximation (RTA)[1, 7, 15].
The latter approximation means that the system will
monotonically relax towards the local equilibrium state
within a time scale called relaxation time. The gen-
eral treatment of the Boltzmann equation is complicated
and generally discussed numerically. In the traditional
∗Electronic address: pankajbhalla66@gmail.com
Bloch-Boltzmann equation, model used for phonon dis-
persion is the standard Debye model. Allen general-
izes the Bloch-Boltzmann theory including the effects
of general phonon density of states (PDOS), thus go-
ing beyond the Debye model[17]. It successfully ex-
plains the frequency dependent behavior of the electrical
conductivity[17]. However, this formalism does not incor-
porate the temperature effects which are later introduced
by Shulga, Dolgov and Maksimov (SDMF) within their
formalism[18]. Both these formalisms successfully repro-
duce the results predicted experimentally[19–21]. But
the above two formalisms (Allen and SDM) have not
considered the concept of the non-constant electron den-
sity of states (EDOS). The latter concept is important
to study the A15 systems[22] and cuprates, graphene,
etc[2, 23]. This concept has been first addressed by
Mitrovic´ and Fiorucci[22]. They study the effects of en-
ergy dependent electron density of states on several A15
compounds such as V3Si, Nb3Sn, V3Ga[22]. In a nut-
shell, this work is the generalization of the Allen formal-
ism from constant EDOS to non-constant EDOS near
the Fermi energy. It has been argued that this addi-
tional energy dependent behavior of the electron density
of states yields the extra frequency dependence in the
absorption spectra of A15 compounds. The formalism
of Mitrovic´ and Fiorucci is restricted to the zero tem-
perature regime as is the Allen formalism. To study
the temperature effects along with non-constant EDOS,
Sharapov and Carbotte derive the expression of the scat-
tering rate by considering both non-constant EDOS and
at non-zero temperatures[24]. They derive the expres-
sion using a restrictive assumption which is presented in
section II D. To go beyond this assumption, an alterna-
tive formalism is needed. Such a formalism is introduced
by Zwanzig and Mori in the context of time dependent
correlation functions which are directly related to the
transport properties[25–27]. This formalism is known as
the memory function formalism[28, 29]. Later, this is ex-
tended by Go¨tze and Wo¨lfle to study the electrical con-
ductivity of metals[30]. It obtains the expression of the
conductivity of metals that works well in all temperature
and frequency regimes. The importance of this formal-
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2ism is that it goes beyond the assumptions made in the
previously discussed formalisms[31, 32]. In addition to
these, this formalism has been widely used to study the
electrical conductivity, thermal conductivity, Seebeck co-
efficient, Hall coefficient, etc. of various systems such as
metals, graphene, cuprates[33–47].
In this context of transport properties, these different
formalisms have been used several times with different
perspectives. However, the comparative study of these
formalisms at one place has not been addressed in the
literature. The present paper remedies this situation.
Here, we also perform the comparison using the different
models for the phonon and electron density of states to
analyze various formalisms and to check how restrictive
assumptions effect the scattering rate.
This paper is organized as follows: First in Sec. II,
we give the brief introduction of the different formalisms
used to study the scattering rate. The brief pic-
ture of these formalisms such as Allen, Shulga-Dolgov-
Maksimov, Mitrovic-Fiorucci, Sharapov-Carbotte and
Memory function along with the sketch of their deriva-
tions and results has been presented. In Sec. III, we
perform the comparison of these formalisms based on
the modeled density of states for electrons and phonons.
Here we consider the Einstein and Lorentzian models for
phonon density of states and square gap model for elec-
tron density of states. In Sec. IV, we derive the Allen and
Mitrovic´-Fiorucci formalisms from the memory function
formalism. Finally in Sec. V, we conclude.
II. FORMALISMS
In 1900, Drude using ideas borrowed from the classi-
cal kinetic theory of gases formulated the expression for
electrical conductivity[48] (σ(ω) = σ1(ω) + iσ2(ω)) as
σ(ω) =
ω2p
4pi
1
1/τ − iω , (1)
where 1/τ is the scattering rate of free electrons collid-
ing with localized ion cores, ω2p =
4pine2
m is the square
of the plasma frequency, where m is the electronic mass,
n is electron-density and e is the electronic charge. For
systems having electron-electron, electron-phonon inter-
actions, this formula deviates due to the frequency de-
pendent character of the scattering rate[7, 30]. Thus the
formalism leads to the following generalization of the sim-
ple Drude formula: [30, 49, 50]
σ(ω, T ) =
ω2p
4pi
1
1/τ(ω, T )− iω(1 + λ(ω, T )) , (2)
called Generalized Drude Formula (GDF). Here
1/τ(ω, T ) represents the frequency and the temper-
ature dependent scattering rate and λ(ω, T ) is the
mass enhancement factor due to the electron-electron,
electron-impurity and electron-phonon interactions.
Generally, this expression is used to extract the relevant
quantities like 1/τ(ω, T ) and λ(ω, T ) from the exper-
imental data[8]. But to capture the behavior of the
scattering rate analytically as predicted by experimental
data, one has to derive a relation for the scattering
rate and mass enhancement factor, starting from the
microscopic Hamiltonian.
In the literature there are various formalisms that an-
alytically derive 1/τ(ω, T ) and λ(ω, T ) from microscopic
Hamiltonians. These formalisms are listed as follows:
(A) Allen’s formalism (AF)[17]
(B) Shulga-Dolgov-Maksimov formalism (SDMF)[18]
(C) Mitrovic´ -Fiorucci formalism (MFF)[22]
(D) Sharapov-Carbotte formalism (SCF)[24]
(E) Memory function formalism (MemF)[25–27, 30]
Brief overviews of these formalisms are discussed in the
following subsections.
A. The Allen Formalism (AF)
Introduction and Basic assumptions:
In the case of metals, electrons can be treated as free elec-
trons to a good approximation which undergo different
collision mechanisms such as electron-phonon, electron-
impurity, etc. These interactions govern the behavior
of the transport properties. To deal with these, Allen
gives the formalism to calculate the electrical conductiv-
ity by considering the lowest order effects of interactions
on transport properties in local approximation[17].
Brief Derivation:
The relation for optical conductivity has been derived us-
ing Fermi golden rule[16]. Allen shows that for the colli-
sionless case his theory yields the same result as given by
semi-classical collisionless Boltzmann’s approach[17]. To
account collisions in his theory, he considers the following
electron-phonon Hamiltonian
Hep =
∑
kk′
Mkk′c
†
k′ck(aq + a
†
−q), (3)
where Mkk′ is the matrix element for the scattering of an
electron from the Bloch state k to k′, bq (b†q) is an anni-
hilation (creation) operator for a phonon of wave vector
q and corresponding energy ωq. With the above Hamil-
tonian and using second order golden-rule formula, the
conductivity can be written as
σ(ω) =
2pie2
3ω3
∑
kk′
|Mkk′ |2 (vk − vk′)2fk(1− fk′)
×δ(k′ − k + ωq − ω), (4)
where fk = (e
βk+1)−1 is the Fermi distribution function
and β is the inverse of the temperature.
3On performing these summations over k and k′ near to
the Fermi surface and at T = 0, the conductivity can be
expressed as
σ(ω) =
ω2p
4piω
(
1
ωτ(ω)
)
. (5)
Here 1/τ(ω), the frequency dependent scattering rate in
the lowest order perturbation theory is given as
1
τ(ω)
=
2pi
ω
∫ ω
0
dΩ(ω − Ω)α2F (Ω), (6)
where α2F (ω) is the phonon spectral function and is de-
fined as
α2F (ω) =
N(0)
4v2F
〈〈|Mkk′ |2 (v− v′)2δ(ωq − ω)〉〉. (7)
The above two equations are the central results of the
Allen formulation. Here N(0) is for the normalization,
vF is the Fermi velocity and 〈〈· · · 〉〉 represents the
average over the constant energy shells corresponds to
the momentum k and k′.
Results:
This theory gives simple form for the frequency depen-
dent scattering rate and gives good picture to explain
the experimental data[17, 20]. However, this theory has
not explained the temperature dependent behavior of
the scattering rate, thus the conductivity. This has been
incorporated by SDMF[18] which we have discussed in
the next subsection.
B. The Shulga-Dolgov-Maksimov Formalism
(SDMF)
Introduction and Basic assumptions:
In their formalism, Shulga et al. consider metallic system
as in AF. They argue that strong electron-phonon inter-
actions can lead to non-Fermi liquid properties. Thus
they attempt to address electronic system in high tem-
perature cuprate superconductors and their non-Fermi
liquid properties in the normal states[18]. The SDMF in
essence extends Allen’s treatment to include finite tem-
perature effects (recall that AF is for T = 0K).
Brief Derivation:
In this context, the frequency dependent optical conduc-
tivity for the case of the electron-phonon interaction is
calculated based on the Green’s function approach[51].
They start with the Kubo formula of optical conductiv-
ity
σµν(ω) =
Kµν(ω)
4piiω
, (8)
where
Kµν(ω) = −4piie2
∫
d4k
(2pi)4
γµ(k, k + q)G(k + q)
×Γν(k, k + q)G(k). (9)
In the above equation, G(k) is the single electron Green’s
function, γµ is the bare vertex, Γν is the dressed vertex
and (µ, ν) represents the Cartesian coordinates. With
lengthy calculation, they show that in an isotropic system
the optical conductivity is expressed as
σ(ω, T ) =
ω2p
4piiω
{∫ 0
−ω
dω′ tanh
(
ω + ω′
2T
)
S−1(ω, ω′)
+
∫ ∞
0
dω′
[
tanh
(
ω + ω′
2T
)
− tanh
(
ω′
2T
)]
×S−1(ω, ω′)
}
, (10)
where S(ω, ω′) is defined as
S(ω, ω′) = ω + Σ∗(ω + ω′)− Σ(ω′). (11)
Here Σ(ω)(= Σ1(ω) + iΣ2(ω)) is the single particle self
energy and T is the temperature. The real and imaginary
parts of the self energy are defined as[52]
Re[Σ(ω, T )] = −
∫
dω′α2F (ω′)Re
[
ψ
(
1
2
+ i
ω + ω′
2piT
)
−ψ
(
1
2
+ i
ω − ω′
2piT
)]
. (12)
Im[Σ(ω, T )] = −pi
2
∫
dω′α2F (ω′)
[
2 coth
(
2ω′
2T
)
− tanh
(
ω + ω′
2T
)
+ tanh
(
ω − ω′
2T
)]
,
(13)
with α2F (ω) as the electron-phonon spectral function
and ψ(ω) is the logarithmic derivative of the gamma func-
tion.
Substituting Eqs. (12), (13) in Eq. (11) and then com-
paring with the Generalized Drude formula Eq. (2), the
frequency and the temperature dependent scattering rate
can be expressed as[18]
1
τ(ω, T )
=
pi
ω
∫
dω′α2F (ω′)
{
2ω coth
(
ω′
2T
)
−(ω + ω′) coth
(
ω + ω′
2T
)
+(ω − ω′) coth
(
ω − ω′
2T
)}
. (14)
Taking temperature T = 0 in the above expression, we
come back to the expression Eq. (7) given by Allen, as it
should[17].
Results:
This formalism explains the finite temperature behavior
of the scattering rate. It also explains that at high tem-
peratures and at characteristic phonon frequency (Debye
frequency) it is not possible to describe the cuprate sys-
tems using standard Fermi liquid theory. It successfully
4calculate the conductivity expression using the many
body approach and gives agreement of the experimentally
measured reflectivity data in the far infrared region[21].
In both the above discussed formalisms, the expres-
sions for the scattering rate have been derived taking
only the phonon spectral function. However, the elec-
tron density of states is not incorporated in them. It
is assumed constant near the Fermi energy. This is an
important aspect to explain the transport properties of
compounds such as A15 superconductors, cuprates[53–
55]. Thus these formalisms require further generaliza-
tion. To account these, the first step has been taken by
Mitrovic´ and Fiorucci in their formalism which we discuss
in the next subsection.
C. The Mitrovic´ - Fiorucci Formalism (MFF)
Introduction and Basic assumptions:
For systems such as V3Si, Nb3Sn, V3Ga, there is a
rapidly varying electronic density of states (EDOS) near
the Fermi energy which effects the experimental mea-
surement of the coupling function α2F (ω), because it is
deduced by numerical inversion technique[56]. This re-
quires the detailed calculation of the scattering rate tak-
ing non-constant EDOS in the vicinity of the Fermi level.
Mitrovic´ and Fiorucci consider this problem and derive
the expression of the scattering rate[22]. They have also
considered the same assumptions as by Allen, but with
one important point i.e. the non-constant EDOS at the
Fermi energy.
Brief Derivation:
In calculation, they consider the expression of optical
conductivity as derived by Allen in Eq. (4). Then in-
troducing energy integrals in the expression and doing
algebraic manipulations, it has been found that the opti-
cal conductivity comes same as given in Eq. (5). Here the
difference is in the frequency dependent scattering rate
which includes the energy dependent electronic density
of states. It is expressed as[22]
1
τ(ω)
=
2pi
ω
∫ ω
0
dΩα2F (Ω)
∫ ω−Ω
0
d
1
2
[
N(−)
N(0)
+
N()
N(0)
]
,
(15)
where N() is the energy dependent electronic density of
states and α2F (Ω) is same as Eq. (7). If we consider N()
as a constant, it yields the same expression of scattering
rate as given by Eq. (6).
Results:
This formula explains that the extra energy dependence
in experimental data for the electron-phonon coupling
system comes from N() i.e. the energy dependent be-
havior of electronic density of states[57, 58]. However,
this approach is valid only at zero temperature case.
Thus further generalization was needed and it is given
by Sharapov-Carbotte formalism[24].
D. The Sharapov-Carbotte Formalism (SCF)
Introduction and Basic assumptions:
To study the temperature dependent behavior of the
ac conductivity, Sharapov and Carbotte develop an ap-
proach in which the conductivity is expressed through
quasiparticle self energy. This formalism is based on the
following assumptions[24]. One assumption is the inde-
pendence of self energy from quasiparticle momentum
(only frequency dependence is considered). The other
assumption is that the magnitude of the electron self en-
ergy difference at two different frequencies is smaller than
the frequency i.e. |Σ(+ ω)− Σ() ω|[24].
Brief Derivation:
Under these assumptions, they derive the expression for
temperature and frequency dependent scattering rate.
The calculation starts with the Kubo formula[59] and
the current-current correlation function is evaluated us-
ing Green function technique[51]. In the calculation, the
two particle Green’s function is written as a product of
the two dressed single particle Green’s functions. This
obtains the real part of optical conductivity as[60, 61]
Re [σ(ω, T )] =
ω2p
4pi
iIm
[ ∫ ∞
−∞
dω′
(
f(ω′)− f(ω + ω′)
ω
)
1
ω − Σ(ω) + Σ∗(ω′)
]
. (16)
Here f(ω) is the Fermi distribution function and Σ(ω)
is the self energy due to electron-phonon/Boson interac-
tions.
The imaginary part of the self energy due to electron-
phonon/Boson interaction is[24]
ImΣ(ω, T ) = −pi
∫ ∞
0
dΩα2F (Ω)
×
[
N˜(ω − Ω)
N(0)
(
n(Ω) + 1− f(ω − Ω))
+
N˜(ω + Ω)
N(0)
(
n(Ω) + f(ω + Ω)
)]
, (17)
where n(ω) =
(
eω/T −1
)−1
is the phonon/Boson distri-
bution function and N(ω) is the quasiparticle density of
states.
The above self energy expression is substituted in the op-
tical conductivity expression (Eq. (16)). Then, the op-
tical conductivity is written in the form of Generalized
Drude formula (Eq. 2). From the resulting expression,
the generalized Drude scattering rate is obtained which
5can be expressed as[24]
1
τ(ω, T )
=
pi
ω
∫ ∞
0
dΩα2F (Ω)
∫ ∞
−∞
dω′
×
[
N˜(ω′ − Ω)
N(0)
+
N˜(−ω′ + Ω)
N(0)
]
×[n(Ω) + f(Ω− ω′)][f(ω′ + ω)− f(ω′ + ω)].
(18)
This is the final expression of the frequency and tem-
perature dependent scattering rate which contains both
phonon/boson and electron density of states. Here
α2F (ω) has same meaning as expressed by Eq. (7).
Results:
This formula has been widely used by authors to extract
α2F (ω) from the experimental data[62, 63]. The results
from these extractions of α2F (ω) can not be fully trusted
as the formula (Eq. 18) itself is based on several restric-
tive assumptions as mentioned, especially in the low fre-
quency regime[31]. To go beyond these assumptions, we
discuss memory function technique for generalized scat-
tering rate in the next subsection.
E. Memory function Formalism
Introduction and Basic assumptions:
The memory function formalism is introduced by
Zwanzig and Mori to study the time dependent correla-
tion functions which are directly connected to the trans-
port properties[25–27]. By using projection operators[28,
29], the Kubo formula for the generalized susceptibility
or AC electrical conductivity in the present case can be
written as
σ(z, T ) = i
ω2p
4pi
1
z +M(z, T )
; M(z, T ) =
zχ(z)
χ0 − χ(z) ,
(19)
which is an exact expression within the linear response
theory. Here z = ω + iη(η → 0+) is the complex fre-
quency and M(z, T ) is the memory function. The lat-
ter has two parts where the imaginary part is equiva-
lent to the scattering rate and the real part contribute
to the mass enhancement factor[29]. The other symbol
χ(z) is the current-current correlation function and χ0 is
the static limit of the former correlation function. Here
the exact computation of M(z, T ) starting from a micro-
scopic Hamiltonian is not possible. However, in normal
circumstances electron-phonon interaction can be treated
as a perturbation. A perturbative expansion of the mem-
ory function is developed by Go¨tze and Wo¨lfle which is
based on this assumption as explained below.
Brief Derivation:
Based on the above mentioned description, Go¨tze and
Wo¨lfle derive the expression of the electrical conductiv-
ity using the total Hamiltonian
H = He +Hep +Hp. (20)
Here He =
∑
k,σ kc
†
kσckσ, Hp =
∑
q
(
ωq +
1
2
)
b†qbq and
Hep is defined in Eq. (3), ωq is the phonon frequency, k is
the electron dispersion and b†q(bq) is the phonon creation
(annihilation) operator. They start with the definition of
correlation function
χ(z, T ) = 〈〈J ; J〉〉z = −i
∫ ∞
0
dteizt〈[J(t); J ]〉. (21)
Here J = m−1
∑
k ek · nˆc†kσckσ is the electrical current,
[, ] is the commutator between two quantities, 〈〈· · · 〉〉 rep-
resents the ensemble average and the Fourier transform.
Then, on using the equation of motion and algebraic cal-
culations, they find that the memory function becomes
M(z, T ) =
m
Ne
〈〈[J,H]; [J,H]〉〉z=0 − 〈〈[J,H]; [J,H]〉〉z
z
.
(22)
Substituting the total Hamiltonian in the above equation
and then solving, M(z, T ) becomes
M(z, T ) =
2
3
1
mNe
∑
k,k′
|D(k− k′)|2(k− k′)2
(f(1− f ′)(1 + n)− f ′(1− f)n)
× 1
k − k′ − ωk−k′
[
1
(k − k′ − ωk−k′ + z)
− 1
(k − k′ − ωk−k′ − z)
]
. (23)
On performing analytic continuation, the imaginary part
of the memory function or the scattering rate is given by
Im[M(z, T )] =
1
τ(ω, T )
=
2pi
ω
∫ ∞
0
dω′α2F (ω′)
∫ ∞
−∞
dN()
×[1− f(− F )]n(ω′)
×[N(− ω′ + ω)f(− F − ω′ + ω)
×[eβω − 1]− (terms with ω → −ω)].
(24)
This is the general expression of the frequency and the
temperature dependent scattering rate.
Results:
The formula derived within this formalism has success-
fully reproduced several results which are in agreement
with the experimental findings[1, 30]. In addition to
this, it has also been used to study both the gapped
and non-gapped systems[31]. This formalism is appli-
cable to study the scattering rate at all temperature and
frequency regimes as the earlier formalisms has limited
range to study the scattering rate. Thus, this formal-
ism is a good choice to study the transport properties
of various systems such as metals, graphene, cuprates,
etc[7, 32, 34–37].
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FIG. 1: Scattering rate as a function of frequency from approaches (1) Allen approach (AF; Brown), (2) Mitrovic´-Fiorucci
(MFF; Cyan), (3) Memory (MemF; Purple) using Delta function for phonon density of states. Here we have fixed the phonon
peak frequency ΩE . (a): 0.01, (b): 0.1, (c): 0.2. For MFF and MemF, we use gap value ∆ = 0.1eV.
For a detailed analysis of these formalisms, we discuss
in the next section the comparison between them based
on the modeled density of states for the electrons and
phonons.
III. COMPARISON OF SCATTERING RATES
BASED ON MODELED DENSITY OF STATES
To compare the formalisms, we plot the scattering
rates, expressed in Eqs. (6), (14), (15), (18) and (24)
using different forms of α2F (ω) and N(ω) at different pa-
rameter values such as temperature, frequency, etc. This
analysis is presented in two cases. One corresponds to
the zero temperature regime and another corresponds to
the finite temperature regime. In each case, we present
two subcases corresponding to different PDOS.
A. Zero temperature study (comparing AF, MFF
and MemF formalisms)
In this subsection, we discuss the scattering rates at
zero temperature using the approaches such as AF, MFF
and MemF formalisms. The scattering rates are com-
puted with different models for PDOS namely Einstein
and Lorentzian model.
1. Einstein/Delta model for PDOS
Here we consider the Einstein model for α2F (Ω) which
is given as
α2F (Ω) = ΩEδ(Ω− ΩE), (25)
where ΩE is the phonon peak frequency.
Substituting the above expression in Eqs. (6), (15) and
(24), the scattering rate is computed and is shown in
Fig. 1. Here for the MFF and the MemF formalisms,
we consider the square well type model for the electron
density of states. According to this model, the density
of states is zero within the regime −∆ to ∆ and unity
outside this regime. The motivation to consider this sim-
plified model is that here we are mainly concerned about
the behavior of the scattering rate using constant and
non-constant electron density of states (EDOS). In Fig. 1,
the frequency dependent scattering rate is shown at fixed
gap value ∆ = 0.1 eV as a function of frequency ω. Here
we have presented 1/τ(ω) at different phonon peak fre-
quency ΩE = 0.05, 0.1 and 0.2 eV in Figs. 1(a), 1(b) and
1(c) respectively and the scattering rate by AF, MFF and
MemF is represented as brown, cyan and purple respec-
tively. We observe three features. One is the vanishing
scattering rate below the phonon peak frequency due to
the zero PDOS. Second is the effect of the gap value in
1/τ(ω) computed using the MFF and MemF formalisms.
Due to this gap scenario, the scattering rate remains zero
not only up to the value of ΩE , but to ΩE+∆ as it should.
Third is the increasing magnitude of the scattering rate
with the increase in the phonon peak frequency due to
the participation of the high frequency phonons. In ad-
dition to these, we also find that MemF and the MFF
formalisms agree with each other very well. However,
the AF show deviation from these two due to the lack of
the effects of electron density of states, as it considers a
constant EDOS.
2. Lorentzian model for PDOS
In this case, we consider that the phonon density of
states is of the form of Lorentzian function and is ex-
pressed as
α2F (Ω) =
Ω2Ω2p(
Ω2 − Ω2E
)2
+
(
ΓΩ
)2 . (26)
Here Ωp is the plasma frequency, ΩE is the Lorentzian peak frequency and Γ is the Lorentzian width. Using this
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FIG. 2: Scattering rate as a function of frequency from approaches (1) Allen approach (AF; Brown), (2) Mitrovic´-Fiorucci
(MFF; Cyan), (3) Memory (MemF; Purple) using Lorentzian function for phonon density of states. Here we consider the
phonon peak frequency ΩE = 0.05, 0.01 eV and Lorentzian width Γ = 0.01, 0.05 eV. For MFF and MemF, we have used gap
value ∆ = 0.1 eV.
and square well type model for EDOS in Eqs. (6), (15)
and (24), we have plotted the scattering rate as a function
of frequency at fixed gap value ∆ = 0.1 eV and Ωp = 0.05
eV. Here the plots are presented at different ΩE such as
0.05, 0.1 and 0.2 eV and Γ such as 0.01 and 0.05 eV.
It is observed that the scattering rate remains negligible
up to the certain value of the frequency depending on
the value of the Lorentzian peak. Then it shows sudden
increase in the scattering rate due to the phonon spectral
function. At the high frequencies, it approaches to the
saturation behavior. We also find that the increase in
the Lorentzian peak and the Lorentzian width, there is a
decrease in the scattering rate as shown in Fig. 2.
B. Finite temperature study (comparing SDMF,
SCF, MemF formalisms)
Here we discuss the scattering rates at finite temper-
atures using SDMF, SCF and MemF formalisms. Simi-
lar to the previous case, we consider the two models for
PDOS. The AF and MFF are manifestly zero tempera-
ture formalisms.
1. Einstein/Delta model for PDOS
Considering the Einstein/Delta function model for
PDOS Eq. (25), the scattering rate is shown at differ-
ent temperatures such as T = 50, 100, 200 and 300 K
in Fig. 3. Here 1/τ(ω, T ) is plotted using SDMF, SCF
and MemF formalisms. The electronic density of states
has been considered same as in the previous case and
the phonon peak frequency ΩE = 0.05 eV and ∆ = 0.1
eV are kept fixed. It is observed that the magnitude of
the scattering rate increases with the rise in tempera-
ture. Also, at high temperatures and small frequency,
the scattering rate show some finite value and overcomes
the signature of the gap. This is due to electrons excited
above the energy gap. Looking at Fig. 3(a), the scatter-
ing rate around 0.1 eV is negligibly small. The reason is
the small thermal energy 0.004 eV in comparison to the
phonon energy 0.05 eV. This results the lack of phonon
excitations to give finite scattering rate. In contrary to
this in Fig. 3(d), with the thermal energy 0.03 eV which
is near to the phonon energy there is higher scattering
rate due to sufficient phonon excitations. This whole sce-
nario is clearly visible within the SDMF approach where
no gap scenario is considered. In the case of MemF and
SCF which include the gap, the gap signature is clearly
visible in Fig. 3(a). In fig. 3(d), due to the less thermal
energy in comparison to the excitation energy required
for electrons and phonons excitations, the scattering rate
does not show the sufficient finite value as by SDMF ap-
proach (shown in brown color). Also the gap signature
is not clearly visible due to the energy comparisons as
discussed earlier.
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FIG. 3: Temperature dependent scattering rate as a function of frequency from approaches (1) Shulga et al. (SDMF; Brown),
(2) Sharapov-Carbotte (SCF; Cyan), (3) Memory (MemF; Purple) using Delta function for phonon density of states. Here we
have fixed the phonon peak frequency ΩE = 0.05 eV and consider the gap gap value ∆ = 0.1 eV for SCF and MemF. These
plots are at different temperatures such as (a): 50, (b): 100, (c): 200, (d): 300 eV.
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FIG. 4: Temperature dependent scattering rate as a function of frequency with approaches namely Shulga et al. approach
(SDMF; Brown), Sharapov-Carbotte (SCF; Cyan), Memory (MemF; Purple) using Lorentzian function for phonon density of
states. Here we have fixed the phonon peak frequency ΩE = 0.05 eV, Lorentzian width Γ = 0.01 eV and consider the gap gap
value ∆ = 0.1 eV for SCF and MemF. These plots are at different temperatures such as (a): 50, (b): 100, (c): 200, (d): 300
eV.
92. Lorentzian model for PDOS
Similarly for the Lorentzian model for PDOS Eq. (26),
the temperature dependent behavior of the scattering
rate is shown at T = 50, 100, 200 and 300 K and at
fixed ΩE = 0.05, Γ = 0.01 and ∆ = 0.1 eV in Fig. 4.
Here we observe the same features related to the temper-
ature as discussed earlier in the case of Einstein model.
A more realistic, but little bit cumbersome case of double
well PDOS is discussed in Appendix A
IV. DERIVATION OF AF AND MFF FROM
MEMF FORMALISM
In addition to this comparison, we also perform the
consistency check of the scattering rate calculated by the
memory function with other approaches as below. For
this we have considered the simplest model square well
type for the EDOS in our calculation process and per-
form calculations only for the temperature independent
formalisms.
According to the memory function approach, it is calcu-
lated that the scattering rate using the square type model
for the electron density of states is expressed as
1
τ(ω, T )
=
pi3N2ρ2F
4mk5F
∫ qD
0
dqq3|D(q)|2 1
β
×
[
1
eβωq − 1
(
eβω − 1
ω
)(
1
eβ(ω−ωq) − 1
)
log
(
1 + e−β(−ω+ωq)
1 + eβ(ωq−ω)
)
+ (terms withω → −ω)
]
.
(27)
The above expression in different limits of gap and tem-
perature is discussed as follows:
Case-I (With Allen’s approach)
On substituting ∆ = 0 in the above equation and simpli-
fying, the scattering rate becomes
1
τ(ω, T )
=
pi3N2ρ2F
4mk5F
∫ qD
0
dqq3|D(q)|2
[
(ω − ωq)
ω
1
eβωq − 1
×
(
eβω − 1
eβ(ω−ωq) − 1
)
+ (terms withω → −ω)
]
.
(28)
Now on taking the limit T → 0 i.e. β → ∞, the above
equation becomes
1
τ(ω)
=
pi3N2ρ2F
4mk5F
∫ qD
0
dqq3|D(q)|2 (ω − ωq)
ω
. (29)
Further on substitute q = ωq/cs in above equation and
changing the variable ωq to Ω, we have
1
τ(ω)
=
2pi
ω
∫ ωD
0
dΩα2F (Ω)(ω − Ω). (30)
Here α2F (Ω) is the phonon spectral function which is
defined as
α2F (Ω) =
pi2N2ρ2F
8mk5F c
4
s
Ω3|D(Ω)|2. (31)
Also the upper cutoff limit in the integration is ωD. But
for phonon excitations ω ≥ ωD. Hence, the maximum
value of upper cutoff will be replaced by ω. Hence with
this argument, the above equation becomes
1
τ(ω)
=
2pi
ω
∫ ω
0
dΩα2F (Ω)(ω − Ω). (32)
Thus the imaginary part of memory function (also called
as scattering rate) comes similar to the Allen’s formula
for scattering rate Eq. (6) for electron-phonon interaction
in the case of metals.
Case-II (With Mitrovic´ and Fiorucci approach)
To discuss our case with N() 6= constant and zero tem-
perature, take T → 0 in Eq. (27), we get
1
τ(ω, T )
= lim
β→∞
pim
3Ne
∫ qD
0
dqq3|D(q)|2 1
β
[
n
eβω − 1
ω
× 1
eβ(ω−ωq) − 1 log
(
1 + e−β(∆−ω+ωq)
1 + e−β(∆+ω−ωq)
)
+(terms withω → −ω)
]
. (33)
For ω > ωD,
lim
β→∞
eβω − 1
eβ(ω−ωq) − 1 log
(
1 + e−β(∆−ω+ωq)
1 + e−β(∆+ω−ωq)
)
=
{
ω − ωq −∆ if ∆ < (ω − ωq)
0 if ∆ > (ω − ωq) (34)
Using the above equation and changing variable ωq to
Ω as done in eqn.32), the eqn.(33) in terms of phonon
spectral function with replacement of upper limit of in-
tegration (as discussed in earlier case) can be written as
1
τ(ω, T )
=
2pi
ω
∫ ω
0
dΩα2F (Ω)(ω − Ω−∆). (35)
This expression is equivalent to the expression derived by
the MFF.
V. CONCLUSION
We have discussed the frequency and temperature de-
pendent scattering rate using different approaches. A
systematic description of all the approaches with their
interrelations is is presented. Further using these, the re-
sults are presented for different models for the PDOS and
EDOS. The comparison study is further divided into two
parts, one with the temperature independent formalisms
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(AF, MFF and MemF) and another for the tempera-
ture dependent formalisms (SDMF, SCF and MemF).
We find that the results by memory function approach
agrees quite well with Allen’s approach under the zero
gap and zero temperature conditions (as shown in Case-I,
Sec. IV). The former approach is also justified for MFF
(Case-II, Sec. IV). It is shown that the scattering rate
computed by both approaches namely MFF and MemF
agrees well with each other in the appropriate limit of
zero temperature (as MFF is applicable only in the zero
temperature limit). In the finite temperature case, the
memory function result of the scattering rate also repro-
duce the result from SCF. In SDMF, due to the lack of
gap structure in their formalism, the scattering rate show
sufficient finite value at low temperature and at low fre-
quencies. In contrast in SCF and MemF, the scattering
rate is suppressed due to the presence of the gap.
From this whole analysis we conclude that the MemF
approach is better choice over the other approaches to
study the scattering rate. As with this approach, one can
study the transport properties in all different regimes of
interest. While other approaches work well in specific
regimes such as the MFF is applicable for T = 0 K case.
The SCF is applicable for the high frequency regime[33].
AF and SDMF are restricted to the systems having con-
stant electron density of states. Hence with the MemF
approach, one can get rid of these difficulties and may
explain the transport properties in a more general way.
Appendix A: For the case of Double Lorentzian
model for PDOS
In this case, we consider α2F (Ω) of the form of double
Lorentzian as below:
α2F (Ω) =
Ω2Ω2p1(
Ω2 − Ω2E1
)2
+ (Γ1Ω)2
+
Ω2Ω2p2(
Ω2 − Ω2E2
)2
+
(
Γ2Ω
)2 . (A1)
Here Ωp1 , Ωp2 are the weighted factors which we kept
fixed at values 0.01 and 0.05 eV respectively. The other
parameters such as the peak frequencies Ω1 and Ω2 both
vary as 0.05, 0.1 and 0.2 eV and both the Lorentzian
widths Γ1 and Γ2 as 0.01 and 0.1 eV. Here again we use
the same model for EDOS as in the previous cases. In
Fig. 5, we kept fixed the values corresponds to the second
Lorentzian and vary the parameters of first Lorentzian.
We observe that the scattering rate show kinks in the
magnitude due to the two peak frequencies. In addition
to this, we find that the other features remain same as
the earlier cases. While in the other case where we vary
the parameter values of second Lorentzian, we find that
there is only one kink in the scattering rate behavior due
to the phonon spectral function as shown in Fig. 6. Here
there is a suppression of the behavior by first Lorentzian
due to the small value of the first weighted factor.
In Fig. 7, the temperature dependent behavior of the
scattering rates using SDMF, SCF and MemF are plotted
by changing temperature values and keeping other values
fixed. We observe that the scattering rate show first kink
around 0.05 eV and then second around 0.2 eV as shown
in Fig. 7(d) for the case of T = 300 K.
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FIG. 5: Scattering rate as a function of frequency with approaches namely Allen approach (AF; Brown), Mitrovic´-Fiorucci
(MFF; Cyan), Memory (MemF; Purple) using Double Lorentzian function for phonon density of states. Here we consider the
phonon peak frequencies ΩE1 = 0.05, 0.01, 0.2 eV, ΩE2 = 0.2 eV and Lorentzian widths Γ1 = 0.01, 0.05 eV, Γ2 = 0.1 eV. For
MFF and MemF, we have used gap value ∆ = 0.1 eV.
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FIG. 6: Scattering rate as a function of frequency with approaches namely Allen approach (AF; Brown), Mitrovic´-Fiorucci
(MFF; Cyan), Memory (MemF; Purple) using Double Lorentzian function for phonon density of states. Here we consider the
phonon peak frequencies ΩE1 = 0.2 eV, ΩE2 = 0.05, 0.1 0.2 eV and Lorentzian widths Γ1 = 0.1 eV, Γ2 = 0.01, 0.05 eV. For
MFF and MemF, we have used gap value ∆ = 0.1 eV.
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FIG. 7: Temperature dependent scattering rate as a function of frequency with approaches namely Shulga et al. approach
(SDMF; Brown), Sharapov-Carbotte (SCF; Cyan), Memory (MemF; Purple) using Double Lorentzian function for phonon
density of states. Here we have fixed the phonon peak frequency ΩE1 = 0.05, ΩE2 = 0.1 eV, Lorentzian width Γ1 = 0.01,
Γ2 = 0.1 eV and consider the gap gap value ∆ = 0.1 eV for SCF and MemF. These plots are at different temperatures such as
(a): 50, (b): 100, (c): 200, (d): 300 eV.
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